Introduction.
Let k be a number field and k ∞ = n≥0 k n be a Z p -extension of k for a prime p. Let A n be the Sylow p-subgroup of the ideal class group of k n and e n be the exact power of p of # A n , i.e., # A n = p e n . It is well known that there are integers µ, λ ≥ 0 and ν, called Iwasawa invariants of k ∞ /k, such that e n = µp n + λn + ν for n 0 ( [4] ). In [3] , Greenberg conjectured that µ = λ = 0 if k is a totally real field and gave several examples supporting the conjecture. Then in 1979, Ferrero and Washington ( [1] ) proved that µ = 0 if k is an abelian field and k ∞ is the basic Z p -extension of k. Since then, a lot of results have been published on the Iwasawa invariants including some recent work on the λ-invariant ( [8] , [12] ). Greenberg's conjecture on the λ-invariant, however, still remains open even when k is a real quadratic field.
In this paper we will study the λ-invariant when k is a real quadratic field. One of the advantages of studying ideal class groups of abelian fields as compared with other fields is that the former have circular units which carry information about the class number. More precisely, let E n be the group of units and C n the group of circular units of k n defined by Sinnott ( [10] ). Then the index theorem of Sinnott says that
From now on, we let k be a real quadratic field and k ∞ be its Z pextension. Let S be the set of primes consisting of 2 and the prime factors of the conductor and the class number of k. The aim of this paper is to find a criterion for the vanishing of the λ-invariant λ p of the Z p -extension k ∞ over k for p ∈ S.
If p remains inert in k, then A n = 0 for all n ≥ 0 since p h 0 ( [11] ), and so λ p = 0. Thus, throughout this paper, we will always assume that p splits in k. When p splits in k, indivisibility of h 0 by p does not imply A n = 0 for all n ≥ 0. For instance, if k = Q( √ 85) and p = 3, then A 0 = {0} but A 1 = {0} ( [6] ). Despite this example, we can still hope that λ 3 = 0.
We briefly explain the main theorems of this paper. Let 
As an application of Theorem 1, we examine the following special case. As was mentioned,
The groups A n and B n are known to be more deeply related. Indeed, as Gal(k ∞ /k)-modules, lim ← − A n and lim ← − B n have the same characteristic ideals by the main conjecture which was proved by Mazur and Wiles ( [7] ). And it is an open question if A n B n as abelian groups or as G n -modules. We prove
, then A n = {0} for all n ≥ 0 and thus λ p = 0 ( [6] ). In Theorem 3, we generalize this.
Lemmas.
In this section, we prove several lemmas on cohomology groups of units and circular units in the Z p -extension of a real quadratic field k. We keep assuming that p splits in k and p ∈ S. In particular, p does not divide the class number h 0 of k.
, we refer to [6] . In [5] 
2 ⊕ H for some finite group H. Let I n be the ideal group of k n and P n the subgroup of I n generated by the principal ideals.
From
By tensoring the above sequence with Z p , we get
By taking direct limits, we have
Hence H must be trivial, and so
Then we obtain a long exact sequence 
Note that B
Since p h 0 , we have B 0 = {0}. Then consider the following commutative diagram:
where vertical maps are inflations. From the injectivity of the inflation map H
E 0 /N n E n follows immediately from the assumption p h 0 , where N n is the norm map from k n to k 0 .
λ-invariant.
In this section, we will prove the main theorems stated in the introduction. Since p splits in k, the completion of k at a prime ℘ above p is Q p . We denote the completion of k n at the prime of k n above
for some η t ∈ k t . By reading this equation in the completion, i.e., η t ∈ Q p,t and
Proof of Theorem 1. We will prove the vanishing of λ p by showing that every ideal in k n capitulates in k ∞ . Let D n be the kernel of the natural map j n : 
for some unit η m ∈ E m . This is possible by Lemma 3. Then δ
, which means that a(β) is fixed under G m . Thus a(β) is a product of ideals from k 0 and primes above p. Since primes above p capitulate, j m (C ) = 0. Therefore j n (C) = 0. This completes the proof. (L p (1, χ) ) ≤ 1, then λ p = 0. P r o o f. If v p (L p (1, χ) ) = 0, then there is nothing to prove as was explained in the introduction. So we assume that v p (L p (1, χ) ) = 1. Let δ be as above. Note that 
